We conjecture what the cone of hypercohomology tables of bounded complexes of coherent sheaves on projective spaces are, when we have specified regularity conditions on the cohomology sheaves of this complex and its dual.
Introduction
What are the possible cohomology tables of coherent sheaves on projective spaces, or more generally hypercohomology tables of bounded complexes of coherent sheaves? And what are the possible values of the homological invariants of complexes of graded modules over the polynomial rings: Graded Betti numbers and Hilbert functions of their homology and cohomology modules? These questions have made considerable advances initiated by the conjectures of M.Boij and J.Söderberg [3] , and their subsequent settling by D.Eisenbud and F.-O.Schreyer in [10] . In particular the latter achieved the complete classification of all cohomology tables of vector bundles on projective spaces, up to scalar multiple. Further advances of notice occured in [11] where they gave a decomposition of cohomology tables of coherent sheaves, but in a non-algorithmic way since it involved an infinite number of steps. In [2] Boij and Söderberg classified all Betti diagrams of graded modules, and in [7] D.Eisenbud and D.Erman classify Betti diagrams with conditions on the codimension of the homology of the complexes. For an introduction and survey of this area see [14] .
Cone of hypercohomology tables of coherent sheaves. A Betti diagram of a graded module is specified by a finite table. A cohomology table of a coherent sheaf or a bounded complex of coherent sheaves F
• on a projective space P(W ) is however an infinite table. To specify the cohomology table, whose values are dim k H i (P(W ), F • (j)), one notes that its numerical linear strands are eventually given by the Hilbert polynomials of the cohomology sheaves of the complex when j ≫ 0 and of its derived dual when j ≪ 0. Thus one would specify l ≤ r such that for twists l < j < r one gives the finite set of cohomological dimensions, while for j ≥ r the cohomology table is given by the Hilbert polynomial of the H i (F • ) in degrees ≥ r, and for j ≤ l it is given by the Hilbert polynomial of the H −i ((F • ) ∨ ) in degrees ≥ −l.
By twisting the complex we may as well assume that r = 1 and now write l = −n− 1. We give a precise conjecture as to what the cone of such hypercohomology tables are, with the purely numerical conditions on the H i (F • ) and H −i ((F • ) ∨ ) replaced by the natural algebraic conditions that these sheaves are respectively 1-regular and n + 1-regular. (These regularity conditions implies that the hypercohomology tables of F
• is given by the Hilbert polynomials of the cohomology sheaves in these ranges.) Over the polynomial ring k[x 1 , . . . , x n ] there is the category of N n -graded squarefree modules, introduced in [22] . A complex of such modules comes with three homological data, its graded Betti numbers B, the Hilbert functions H of its homology sheaves, and the Hilbert functions C of the homology sheaves of the dual complex. We show that there is an injection from the cone of hypercohomology tables to the cone of homological data sets (B, H, C), and conjecture that this is an isomorphism, Conjecture 7.8. This conjecture is a consequence of two conjectures on what are the extremal rays in these cones, thereby providing the precise description of the cones. On the squarefree side they are given by triplets of pure free squarefree complexes, Conjecture 7.9, and Conjecture 5.7 describes the corresponding complexes of coherent sheaves.
Triplets of pure free squarefree modules, In a recent paper [15] we introduced the notion of triplets of pure free squarefree complexes. A complex F • of free modules in the squarefree module category is said to be pure if its terms are pure, we say it is a triplet of pure free squarefree complexes. The degree sequences of these three complexes is called a degree triplet.
In [15] we conjectured the existence of such triplets of complexes for every degree triplet fulfilling certain natural necessary conditions. We showed the existence of such triplets of complexes provided two of the degree sequences were intervals. This was done using the tensor complexes introduced by C.Berkesch et. al. in [1] . These are complexes over a polynomial ring Sym(V ⊗ W * ) where V = x 1 , . . . , x n . By taking a suitable quotient V ⊗ W * → V equivariant for the diagonal matrices in GL(V ), we obtain a free squarefree complex over Sym(V ) giving rise to such a triplet.
This suggests that there may be wider classes of complexes of Sym(V ⊗ W * )-modules which by the same procedure will give more, possibly all of the triplets of pure free squarefree complexes whose existence were conjectured in [15] . Here we introduce such a class, but only as a secondary class associated, via a procedure we call zipping, to a primary class of complexes of coherent sheaves on a projective space P(W ).
The procedure of zipping. This was introduced by D.Cox and E.Materov in a recent paper [5] . By [8] a coherent sheaf F on P(W ), or more generally a complex of coherent sheaves F
• , [13] , [4] corresponds to a Tate resolution T(F • ) over the exterior algebra E(W * ) = ⊕ ∧ i W * . Following [5] such a Tate resolution and the exterior coalgebra on a vector space V may be amalgamated together to form a complex of free Sym(V ⊗ W * )-modules, the zip complex. They show in the case that F • = F a coherent sheaf, char(k) = 0, and dim k V ≤ dim k W − 1 that this corresponds exactly to the complex obtained by the method of Lascoux for constructing resolutions of sheaves supported on determinantal varieties. This method starts with a coherent sheaf F on P(W ) ususally a vector bundle, and via a pullback and pushdown procedure gives a complex of free Sym(V ⊗ W * )-modules. Here we get rid of the above restrictions in [5] and show that the result holds in arbitrary characteristic, for complexes of coherent sheaves, and most importantly, without the bound on dim k V . As a consequence we can show how various old and recent resolutions in the literature, the Eagon-Northcott complex, Buchsbaum-Rim and Buchsbaum-Eisenbud complexes [6, A2.6], pure resolutions of modules supported on determinantal varieties [9] , and tensor complexes [1] , may be obtained by the simple procedure of zipping the Tate resolutions of various vector bundles with supernatural cohomology on P(W ), or more generally locally Cohen-Macaulay sheaves, with an exterior coalgebra on V .
Complexes of coherent sheaves associated to homology triplets. Our main objective in this paper is however to introduce the said primary class of complexes of coherent sheaves on projective spaces. To each degree triplet T , or an equivalent but slight variation thereof T ′ , called a homology triplet, we conjecture the existence of a complex of coherent sheaves with specified properties determined by T ′ . The cofficients of the Hilbert polynomial of this complex fulfills a number of equations which is one less than the number of unknown coefficients. Hence we expect the Hilbert polynomial to be unique up to scalar multiple. Our conditions on these complexes are so strong that we show that all of the hypercohomology table of the complex of coherent sheaves is uniquely determined by this Hilbert polynomial. But also additional cohomological properties of the individual cohomology sheaves of the complex are determined.
When such a complex exists for a given homology triplet T ′ , we show that by zipping its Tate resolution with the exterior coalgebra on a vector space V = x 1 , . . . , x n to get a complex of free Sym(V ⊗ W * )-modules, and thereafter taking a suitable quotient map V ⊗ W * → V to get a complex of free Sym(V )-modules, we get a complex of free squarefree modules giving rise to a triplet of pure free squarefree complexes whose degree sequence is T . This shows, Theorem 6.8, that the conjecture in this paper implies the conjecture in [15] .
The organization of the paper is as follows.
Section 1 recalls the method of Lascoux [20] as presented in Weyman [21] , associating to a coherent sheaf F on P(W ) a complex of free Sym(V ⊗ W * )-modules. We investigate in more detail the properties of the homology modules of this complex, in particular their dimension and regularity.
Section 2 gives the zipping functor, introduced in [5] , associating to a complex of free E(W * )-modules and a vector space V , a complex of free Sym(V ⊗W * )-modules. We give some elementary properties of this functor. Section 3 extends the main theorem of Cox and Materov [5] which says that the method of Lascoux by pullback and projection, and the zipping functor give the same complex of free Sym(V ⊗ W * )-modules. We show how various old and recent resolutions in the literature may be obtained by the zipping procedure.
Section 4 gives first a brief recollection of squarefree modules. Then a specific example of a triplet of pure free squarefree modules over k[x 1 , x 2 , x 3 ] is considered. We show in two detailed examples how two of the complexes in the triplet may be obtained from two complexes of coherent sheaves on projective spaces P(W ), in this case P 2 resp. P 3 , taking their Tate resolutions, zip them with the exterior coalgebra on V = x 1 , x 2 , x 3 to get Sym(V ⊗ W * )-complexes and then take reductions via a map V ⊗ W * → V to get complexes of free squarefree k[x 1 , x 2 , x 3 ]-modules.
Section 5 first introduces the notion of three degree sequences forming a homology triplet. Then we give our main conjecture on the existence of complexes of coherent sheaves associated to such homology triplets. We give the equations for the coefficients of the Hilbert polynomial P of this complex and show that all the Hilbert polynomials of the cohomology sheaves of this complex and its dual are uniquely determined by the polynomial P . We also show that the hypercohomology table of the complex is determined by P . The section also contains a detailed example of such complexes.
Section 6: We prove that the main conjecture of Section 5 implies Conjecture 2.11 in [15] on the existence of triplets of pure free squarefree complexes.
Section 7: We show that there is an injection from the cone of hypercohomology tables of bounded complexes of coherent sheaves on projective spaces with specified regularity conditions, to the cone of homological data sets of complexes of free squarefree modules. We conjecture that this is an isomorphism of cones.
Section 8: We prove that the complexes obtained by the method of Lascoux and the zipping procedure are the same, in our extended version.
Note. We have developed a Macaulay2 package "Triplets", [17] , which computes the Betti diagrams of pure free squarefree complexes associated to degree triplets, and the hypercohomology tables of the complexes of coherent sheaves associated to homology triplets.
Regularity and dimension
We recall the basic setup of Lascoux [20] , as presented by Weyman in [21, Section 5], for computing syzygies of modules supported on determinantal varieties. We develop some results on regularities and Krull dimensions of the modules occuring in this construction.
1.1. The basic setup. Let W be a finite-dimensional vector space over a field k of arbitrary characteristic and P(W ) the projective space Proj(Sym(W )). On this space there is a tatuological sequence of locally free sheaves:
Let V be another finite-dimesional vector space. Dualizing the sequence above and tensoring with V we get a sequence:
where Q is the dual of Ω P(W ) (1). Let X be the affine space
where Y is the image of Z. When the dimension of V is greater than or equal to P(W ), the varieties Z and Y are birational by [21, Prop.6 
Since Y is an affine variety, the coherent sheaf q * O Z is simply the sheafification of the Sym(
Since Z is the bundle V P(W ) (V ⊗ Q), the pushdown p * O Z = Sym(V ⊗ Q) and so q * O Z is the sheafification of:
There is a natural action of k * = k\{0} on V by scalar multiplication. Hence a natural action on the sequence (1) with trivial action on W . So we get an action of k * on Z, V, Y and X, and this action on q * O Z gives the natural grading on (2) above. By the left quotient map of (1) this is a graded Sym(V ⊗ W * )-module.
For F a coherent sheaf on P(W ) we get the pullback sheaf
Again since Y is affine, this sheaf is the sheafification of its global sections. By the projection formula these are:
This is a graded Γ(P(W ), Sym(V ⊗ Q))-module and so a graded Sym(V ⊗ W * )-module.
Since we will use it a lot, for a coherent sheaf F , or complex thereof, it is convenient to introduce the following short notation
Also let the global sections of this sheaf be:
Take an injective resolution
becomes a complex of q * O Z -modules. We may replace F by a complex of coherent sheaves, and exactly the same as above holds. The injective resolutions I
• may be taken to be equivariant for k * -action and so we also get the structure of graded Sym(V ⊗ W * )-module on the global sections of (3).
It is a graded Sym(V ⊗ W * )-module for this grading.
Proof. Since X is affine the first hypercohomology modules are the hypercohomology modules
which are Γ(V, O Z )-modules. Since p is an affine map, by the spectral sequence of the composition
By the projection formula this is
and so this is a Γ(P(W ), Sym(V ⊗ Q))-module. The facts about the grading follows by the k * -action.
1.2.
Regularity. Let the vector space V have dimension n. The sequence (1) gives an exact sequence (the sheafified Koszul complex):
is also a 0-regular coherent sheaf. b. S(F ) is generated in degree 0 by Γ(P(W ), F ) as a Sym(V ⊗ W * )-module. Suppose F is a 1-regular coherent sheaf on P(W ). c. The minimal degree of a generator of the graded Sym(V ⊗ W * )-module S(F ) is the smallest integer e such that H e (P(W ), F (−e)) is nonzero.
Proof. Tensoring (4) with F (r) we get a hypercohomology spectral sequence:
In order to show that S(F ) d is 0-regular, we need to show that the term on the right in the spectral sequence above is zero when p + q > 0 and p + q + r = 0. So choosing any negative r, this will follow provided we show that E pq 2 = 0 for all (p, q) on the line p + q = −r.
But by our regularity assumptions, the terms on the first line of (5) may be nonzero only when i. p ≤ 0, and ii. q = 0 or p + q + r < 0. Since we are assuming r negative we have also when q = 0 that p + q + r < 0. Since −r − 1 ≥ 0 the possible nonzero range is then:
Hence we obtain that S(F ) d is a 0-regular sheaf.
When r = 0 the possible nonzero terms are
including the half line where p ≤ 0 and q = 0. We then see that
As for c. let r = 0 in (5) . Consider terms on the first line when p + q ≥ 1. If p > 0 these terms are zero. When p ≤ 0 then q ≥ 1 and so the terms on the firs line are again zero. When p + q ≤ 0, the terms on the first line may be nonzero only when p ≥ −d. Also when p + q = 0 the terms on the left may be nonzero only when p ≤ −e. Hence the possible nonzero range of the terms on the left side is: • be a complex of coherent sheaves on P(W ). Fix an integer r and suppose the cohomology sheaves H r−j (F • ) are j-regular for j ≥ 1. Then the hypercohomology
Proof. Since Sym(V ⊗Q) is a locally free sheaf on P(W ), we may tensor the complex F • with it and get
There is a spectral sequence:
By hypothesis the left side may be nonzero only in the range:
We therefore see that the right side of (6), when p + q = r, becomes:
1.3. Krull dimensions. Let n denote the dimension of the vector space V , and w the dimension of W . We let m = w − 1 be the dimesion of the projective space P(W ). This subsection is devoted to prove the following. Proposition 1.4. Let F be a coherent sheaf on P(W ) whose support has dimension δ, and V a vector space of dimension ≥ that of the support of F . Then S(F ) is a finitely generated Sym(V ⊗ W * )-module of Krull dimension nm + δ.
We prove this at the end of this subsection. First we develop some lemmata.
Proof. This module is the global sections of q * (O Z ) on the affine variety X. Being affine this is the dimension of the sheaf q * O Z . Since Z and its image Y in X are birational by [21, 6.1.1] , q * (O Z ) has the same dimension as O Z . Since the dimension of Z is (n + 1)m we are done.
Proof. On the linear subspace L we have the dual tautological sequence:
Recall the bundle Q of (1) and note that
The subspace L ⊆ P(W ) may be considered as a projective space L = P(W ′ ) for some quotient W → W ′ . We then get the functors S L and S L on coherent sheaves on this space. Taking sections of the above equation we get:
We then get the result.
is locally free we get by tensoring the above that
The Hilbert-Poincaré polynomial χ of coherent sheaves on P(W ) is an additive function on exact sequences and so descends to a function on the Grothendieck group. Hence
Assume that F is 0-regular. By Lemma 1.2b. S(F ) is finitely generated and by by Lemma 1.2a. the Euler-Poincaré characteristics above are simply given by the dimension of the space of global sections. Hence we obtain an equality of Hilbert functions:
Whence S(F ) has dimension nm + δ by Lemma 1.6.
In general if F is not assumed to be 0-regular, we may argue by induction on the dimension of the support of F as follows: If dim SuppF = 0, then F is 0-regular and so we are done. If dim SuppF ≥ 1 let F be r-regular where r > 0. Let Q be a general form of degree r defining a hypersurface not containing any associated subscheme of F (embedded or not). This gives a short exact sequence
where G is the cokernel, and dim SuppG < dim SuppF . We then get an exact sequence 0 → S(F ) → S(F (r)) → S(G). By induction S(G) is finitely generated of dimension ≤ nm + δ − 1. Since S(F (r)) is finitely generated of dimension nm + δ the same holds for S(F ).
Free complexes over the exterior algebra
In this section we give elementary properties of free complexes over the exterior algebra E(W * ) where W is a finite dimensional vector space. If V is another finite dimensional vector space we define a functor associationg to a complex of free E(W * )-modules a complex of free Sym(V ⊗ W * )-modules. This functor was introduced by Cox and Materov in [5] and is here of central importance.
2.1.
Starting with the vector space W . Let W be a finite dimensional vector space of dimension w and E = E(W * ) = ⊕ w i=0 ∧ i W * the exterior algebra on the dual space W * . We consider W to have degree 1, so ∧ i W * has degree −i. Let E = Hom k (E, k) be the dualizing module for E. This is both a free (hence projetive) and injective module over E.
In this section E • shall denote a complex of graded free left modules over the exterior algebra. In the setting we consider it will be natural to write the terms as
where N p p−j is a vector space. Note that there may be a nonzero map
Such a complex is linear if there is some k such that
Then we may associate a linear complex of free E-modules
Letting y 1 , . . . , y w be a basis for W and the y * i a dual basis for W * , the differential d is defined by
Any linear complex is a shift of R(M) for a graded Sym(W )-module M. We define the dimension of the linear complex to be the Krull dimension of M.
If E • is a minimal complex over E, meaning that all maps
−i between terms with the same twist i, are zero, then there is a filtration E
• ≤k−1 is a linear complex. It is the k'th linear strand of E
• . The complex E
• is a Tate resolution if it is acyclic, i.e. all homology groups H p (E • ) vanish, and its terms are finitely generated modules. Such a complex will be unbounded to the left and right, if it is not nullhomotopic. These are central objects of the next sections. Let us note that such are easily constructed from any finitely generated E-module N by taking a free resolution of N, and an injective resolution of N by modules of the form ⊕ j∈Z E(j) ⊗ k N −j , and then splicing these resolutions together.
Let W ′ ⊆ W be a subspace, giving a quotient exterior algebra
Note that the dualizing module
• over the exterior algebra E we obtain a restricted complex Hom E (E ′ , E • ) over the exterior algebra E ′ . If the term E p is given as in (8) then this complex has terms
2.2.
Introducing the vector space V . Let V be a finite dimensional vector space and S = Sym(V ⊗W * ) the symmetric algebra. Cox and Materov [5] define a k-linear functor W V W from finitely generated graded free E-modules with homomorphisms of degree zero, to finitely generated free S-modules with homomorphisms of degree zero, as follows. A map
is given on the generator of the first module as
By the Cauchy formula [21, 2.
. This holds in any characteristic. Consider ⊕ i ∧ i V as a coalgebra and denote the comultiplication map by δ. We define the map
to be given by
Given a complex E
• of free graded E-modules with terms as in (8), we then obtain a complex W V W (E • ) of free graded S-modules with terms
(Duality.) Let β be the map of (10) and n = dim k V . Then
Hence we have a commutative diagram of functors starting from complexes of free graded E-modules
The left side of (11) is
On the other hand Hom
And so we get the equality.
For the subspace
The following now relates the functor W V and restriction.
Lemma 2.2. (Restriction.) Let β be the map of (10). Then
As a consequence we have a commutative diagram of functors starting from complexes of free graded E-modules
The map Hom E (E ′ , β) is given by composing this with the natural projection
is given on generators by
given by the composition of this with
Zipping
We recall the notion of Tate resolution. We extend the main result of Cox and Materov [5] on how Tate resolutions may be zipped with the exterior coalgebra on a vector space. This is applied to show how various old and recent resolutions from the Eagon-Northcott complex, 1962, to tensor complexes, 2011, may be obtained by zipping a Tate resolution with an exterior coalgebra.
3.1. Tate resolutions of coherent sheaves. The dualizing complex, [18] , on the category of complexes of coherent sheaves on the projective space
If we have a complex of vector bundles E • together with a quasi-isomorphism E • → F
• this may be computed as
Serre duality [18, Thm.11.1] gives dualities between the hypercohomology modules:
We use the following notation for the graded Sym(W )-modules
Since we will work much in the context of a vector space V having dimension n, it will be convenient to define
If F is a coherent sheaf on P(W ) there is associated a Tate resolution T(F ), see [8] , whose terms are given by
In particular note that when p ≫ 0 this term is simply
, so we say it is eventually linear.
Furthermore the i'th linear strand of this complex is the linear complex R(H i * (P(W ), F ))[−i], associated to the i'th cohomology module. Tate resolutions give a functor from the category of coherent sheaves to the homotopy category of complexes of free E-modules
More generally if F
• is a complex of coherent sheaves there is similarly associated a Tate resolution T(F • ), see [13, Thm.3.2.1], [4, Thm.10] , and whose terms are given as in (12) but now with the cohomology modules of F (p − j) replaced by the hypercohomology modules of F
• (p − j). It gives a functor from the bounded derived category of coherent sheaes on P(W )
The image is in the subcategory of K(E −free) consisting of Tate resolutions. In fact T gives an equivalence of categories between the bounded derived category above and the category of Tate resolutions up to homotopy, loc.cits.
Proof. Parts a. and b. are trivial. For part c. note that T is a functor of triangulated categories, [13, Thm.3 
Then we get a distinguished triangle
Dualizing we get a distinguished triangle
Also there is a distinguished triangle
Note that cone (φ ∨ ) = (cone φ) ∨ [1] . If part c. holds for F • and G • , we get a morphism between these two distinguished triangles where two of the maps are isomorphisms. Hence the third is also an isomorphism and so part c. holds for cone φ. Now part c. clearly holds for vector bundles. Any complex of vector bundles may be built up as cones from complexes of smaller length. This proves part c. Part d. follows by Lemma 2.1 since
using parts a., b. and c. above.
3.2.
Zipping and the method of Lascoux.
Definition 3.2. Let F • be a complex of coherent sheaves on P(W ) and V a finite dimensional vector space over k.
) is the zip complex or the Weyman complex (in [5] ) of the Tate resolution of F
• w.r.t. the exterior coalgebra on V . We say that this complex is obtained by zipping the Tate resolution T(F • ) and the exterior coalgebra of the vector space V , or simply with the vector space V . Since the Tate resolution is unique up to isomorphism, so is the zip complex. It is also a minimal complex since T(F • ) is minimal.
Our main general observation is the following theorem which is an extension of the main Theorem 1.4 of Cox and Materov [5] . It is also close to the Basic Theorem 5.1.2 in Weyman's book [21] . Its proof is given in Section 8. After the statement we explain how it extends and relates to these. Recall the setup of Subsection 1.1.
Theorem 3.3. Let F
• be a complex of coherent sheaves on the projective space
In particular the terms of F • are given by
and the homology of F • is the hypercohomology
In the notation of Weyman's book [21, Section 5.1] we work in the special case that his projective variety V is P(W ), and the sequence 0 → S → E → T → 0 is the sequence (1). The new thing Cox and Materov noted, compared to the Basic Theorem 5.1.2 in [21] in this setting, is that the complex F • may be obtained by first taking the Tate resolution of the coherent sheaf F and then zipping it with V , i.e. applying the functor W V W . We thus have a factorization of a functor. Apart from this, the above is an extension of 5.1.2 in this setting in the sense that we phrase it for complexes of coherent sheaves, while Weyman does this only for vector bundles. This is however an extension that would not require much modification in Weyman's arguments.
The main new feature above compared to Theorem 1.4 of Cox and Materov is that they prove it under the assumption that dim k V ≤ dim P(W ). This is outside the range of our most significant applications where in general V has dimension larger than P(W ). The reason for their restriction is that their proof relies heavily on it, but they say that the statement probably holds also when dim k V > P(W ). Also Cox and Materov work only in char(k) = 0, while the above is stated characteristic free. Their proof, using representation theory, depends heavily on characteristic zero. Cox and Materov also only consider coherent sheaves and not complexes and hypercohomology, which will be quite essential in our applications.
In [5, Prop. 1.3] they show that when dim k V is greater than the dimension of a coherent sheaf F then F is determined by W V W (T(F )). We state the following more general:
3.3. When the zip complex becomes a resolution. Let E be a locally CohenMacaulay sheaf of pure dimension d. This is equivalent to H i * (P(W ), E) being of finite length for 0 < i < d. Note that if d = dim P(W ) = m this is equivalent to E being a vector bundle.
Proof. Forgetting the cohomological position,
Hence the latter cohomology group is
by Serre duality.
Proposition 3.6. Let F be a coherent sheaf on P(W ) and V a vector space of dimension n. a. The zip complex W V W (T(F )) is a free resolution iff F is a 1-regular coherent sheaf. In this case it is a free resolution of the S-module S(F ). b. This zip complex is a minimal free resolution of a Cohen-Macaulay module iff F is a locally Cohen-Macaulay sheaf of pure dimension which is: a. 1-regular and,
Proof. a. If F is a 1-regular coherent sheaf, then all cohomology groups
Hence F • is not a resolution. b. By part a. and Lemma 3.1 d. the dual complex Hom(F • , S(−n) ⊗ ∧ n V ) is a resolution iff F * is 1-regular. But by Lemma 3.5 this is equivalent to F being
Following [10] a vector bundle E on P(W ) is said to have supernatural cohomology if there is a sequence −∞ = r m+1 < r m < · · · < r 1 < r 0 = +∞ such that the i-th cohomology H i (P(W ), E(r)) is nonzero only if r is in the interval r i+1 , r i . In particular note that the Hilbert polynomial P of E must be
for some constant c (which is the rank of E), and that the regularity of E is r 1 + 1 and the coregularity is m + r m − 1.
More generally a locally Cohen-Macaulay sheaf E of dimension d on P(W ) is said to have supernatural cohomology if the above holds with the index m replaced by d. Note that E has supernatural cohomology iff its Tate resolution is pure, i.e. each cohomological term Proof. That the complex is pure is clear. The other parts follow from Proposition 3.6 and the observations above on the regularity and coregularity of E: The sheaf E is 1-regular iff r 1 + 1 ≤ 1, and it is 
. The structure sheaf O P(W ) has Tate resolution:
We zip with the exterior powers of V and obtain the Eagon-Nothcott complex:
From the explicit form of β and the explicit way zipping is done, the image of α is seen to be the ideal of maximal minors of the generic map
Also since the structure sheaf O P(W ) has supernatural cohomology with root sequence −1, −2, . . . , −m this complex is a free resolution of a Cohen-Macaulay ring.
Example 3.9. Buchsbaum-Rim, 1964, and Buchsbaum- Eisenbud, 1973 . The twisted sheaf O P(W ) (r) when r ≥ 1 has Tate resolution:
Zipping this with V , we obtain when r = 1 the Buchsbaum-Rim complex and when r ≥ 2 the Buchsbaum-Eisenbud complexes:
The root sequence of O P(W ) (r) is −r − 1, −r − 2, . . . , −r − m. Hence these complexes are resolutions (assuming r ≥ 1) and they are resolutions of Cohen-Macaulay modules exactly when n ≥ r + m.
Example 3.10. Pure resolutions of modules supported on determinantal varieties, 2007. Let λ be a partition into m parts and Q the dual of the tautological rank m subbundle on P(W ). When char(k) = 0 the Schur bundle S λ (Q) has supernatural cohomology with root sequences given by 
consider the line bundle
, this is a locally Cohen-Macaulay sheaf on P(W 1 ⊗ · · · ⊗ W r ) with supernatural cohomology. Its root sequence is the union of the intervals ∪
. Zipping its Tate resolution with a vector space V we get a pure complex. When u 1 ≥ −1 it becomes a pure resolution, and when n ≥ u r + w r − 1 it is a pure resolution of a Cohen-Macaulay module. This gives the tensor complexes of [1] , with pinching weights (0; u 1 , . . . , u r ).
Examples
In this section we first briefly recall the notion of squarefree modules and the two dualities, standard duality and Alexander duality, we have on complexes of free squarefree modules.
We then consider the triplet of pure free squarefree complexes of Example 2.2 in [15] and show in two detailed examples how two of them may be obtained by i) starting with a complex of coherent sheaves on P(W ), ii) zipping its Tate resolution with a vector space V to get av complex of free Sym(V ⊗ W * )-modules, and iii) taking a suitable general quotient map V ⊗ W * → V to get a complex of pure free squarefree Sym(V )-modules. 4.1. Squarefree modules and dualities. We briefly recall basic notions. For more detail see Section 1 of [15] . Let N = {0, 1, 2, . . . , }, and e i the i-th coordinate vector in N
n . An N n -graded module M over k[x 1 , . . . , x n ] is squarefree if the multiplication map
is an isomorphism whenever the i'th coordinate d i > 0.
Let 1 = (1, 1, . . . , 1) . The Alexander dual A(M) is the squarefree module such that when 0 ≤ d ≤ 1:
is the dual of
Given a squarefree module M there is associated a linear complex L(M) of free squarefree modules with terms
where we sum over all 0, 1-vectors d of total degree i, and
where α(j, d) is the number of i < j with d i = 1.
On the homotopy category of complexes of free squarefree modules there is the standard dual of the complex F • of free modules
The Alexander dual A(F • ) is defined as a complex of free squarefree modules for which there is a quasi-isomorphic map to A(F • ). Yanagawa [23] shows that the third iterate (A • D)
3 is isomorphic to the n'th iterate [n] of the translation functor. The complex F • is said to belong to a triplet of pure free squarefree complexes if all three of
are pure when considered as singly-graded modules. 
, Example 2.2 we showed that there is a triplet of pure free squarefree complexes
In the next example we show how to obtain (A • D)(G • ) by i) starting from a complex of coherent sheaves on P(W ) = P 2 , ii) zipping its Tate resolution with V = x 1 , x 2 , x 3 , and iii) tensoring the zip complex with − ⊗ Sym(V ⊗W * ) Sym(V ), where Sym(V ) becomes a module via a general map V ⊗ W * → V , equivariant for the diagonal matrices in GL(V ). In the example following thereafter we show how to obtain (A • D) 2 (G • ) in a similar way. In the following we let S = Sym(V ⊗ W * ) and for a complex F • of free S-modules we let (recall n is the dimension of V )
First example.
Consider the ideal sheaf I P of a point P in P 2 = P(W ). The resolution of the twisted sheaf I P (1) is
Its cohomology table is:
· · · 10 6 3 1
Letting E be the exterior algebra ⊕ 3 i=0 ∧ i W * , the complex F • has Tate resolution:
Writing W = y 0 , y 1 , y 2 in terms of a basis, we get a dual basis W * = y * 0 , y * 1 , y * 2 . If P is the point y 1 = y 2 = 0, the two maps in the Tate resolution above may be written
Let V = x 0 , x 1 , x 2 be a vector space of dimension 3. We then zip the Tate resolution (16) with the exterior coalgebra on V and get a complex of S = Sym(V ⊗ W * )-modules:
The first map ψ is determined by β and is given by
Also the map φ sends
.
Via the embedding of
. By Theorem 3.3 we find that F • has only one nonvanishing homology module:
This has dimension 4 · 2 = 8 by Proposition 1.4, and its smallest degree generator is in degree 0 by Lemma 1.2c.
We now consider the dual complex:
where the last term is in cohomological degree 0. Its hypercohomology table is:
Zipping this with the exterior coalgebra on V we get a complex (recall the notation
Again using Theorem 3.3 and Lemma 1.3 its homology is:
This has dimension 4 · 2 − 2 = 6 by Proposition 1.4 and its smallest degree generator is in degree 0 by Lemma 1.2c.
•
This has dimension 8 and its smallest degree generator is of degree 2, coming from the fact that
We now take a general map V ⊗ W * → V , equivariant for the action of the diagonal matrices in GL(V ), sending
where the α ij ∈ k are general. Letting S = Sym(V ), we get from F • a complex:
and the map φ given by
We show in Section 6 that the kernel of the map V ⊗ W * → V , has a basis giving a regular sequence for the homology modules of these complexes. Hence F • has only one nonvanishing homology module: ( 
is a triplet of pure free squarefree complexes of the type in (14) . Looking ahead to the next Section 5, our starting complex F 
Proof. This follows from Lemma 4.1.
Assume now that G • is obtained by the procedure of Subsection 4.2:
Procedure 4.2.
Start with a complex G
• of coherent sheaves on P(W ). 2. Zip its Tate resolution with the exterior coalgebra on a vector space V to get G • , a complex of free S = Sym(V ⊗ W * )-modules. 3. Let V have basis x 1 , . . . , x n and take a general map V ⊗ W * → V , equivariant for the diagonal matrices in GL(V ). Let S = Sym(V ) and
In order for the passing from G • to G • to behave well on homology modules, it is necessary that we divide out by a regular sequence on these homology modules. We develop conditions ensuring this in Section 6. In Section 5 we develop in detail the properties of G
• such that the procedure above gives a complex 
Second example. We shall now find a complex E • which via Procedure 4.2 gives the third complex (A • D)
2 (G • ) of (14) . Let l 0 and l 1 be linear forms in k[y 0 , y 1 , y 2 , y 3 ] and q a quadratic form in this ring. We get the Koszul complex on P 3 = P(W ).
Twist this complex with 1 and consider the quotient complex (look at the end)
where we let the left term have cohomological degree 0. The cohomology is
where L is the line in P 3 defined by l 0 and l 1 , and
. Both of these are 1-regular sheaves.
Dualizing this complex we obtain
where the left term is in cohomological degree 0. The cohomology is
where X is the two point subscheme in P 3 which is the intersection of the forms l 0 , l 1 and q, and H −1 ((E • ) * [2] ) is the ideal sheaf I L . Both these are 1-regular sheaves. From this we compute the hypercohomology table of E
• .
The Tate resolution of E
• is then
Zipping this with the exterior coalgebra on a three dimensional vector space V , we get the complex of free S = Sym(V ⊗ W * )-modules
Using Proposition 1.4 and Lemma 1.2c. the homology is given as follows.
is 10-dimensional with minimal degree generator of degree 1.
is 12-dimensional with minimal degree generators of degree 3. Zipping the Tate resolutions of (E • ) * [2] with the exterior coalgebra on V we get the dual of
The following is its homology.
) is 9-dimensional with minimal degree generators of degree 0.
) is 12-dimensional with minimal degree generators of degree 2. Take a general map V ⊗ W * → V , equivariant for the diagonal matrices in GL(V ) and reduce to squarefree S-modules
is 1-dimensional with minimal degree generator of degree 1.
• H 1 (E • ) is 3-dimensional with minimal degree generator of degree 3. (Note that this degree is 2 more than the dimension of giving that the dual complex
is a triplet of pure free squarefree complexes of the same type as in (14) . Looking ahead to Section 5, the complex E
• corresponds to the homology triplet B = {1, 2, 3}, H = {1, 3}, C = {0, 2, 3}.
This gives the degree triplet B = {1, 2, 3}, H = {0, 2}, C = {0, 2, 3}.
Homology triplets and complexes of coherent sheaves
First we introduce the elementary notion of three sets of natural numbers forming a homology triplet. This is (almost) the same as the notion of degree triplet in [15] . We then give our main conjecture concerning the existence of certain complexes of coherent sheaves associated to such homology triplets. The class of such complexes may be considered an extension of the class of vector bundles with supernatural cohomology. We also give an example and translate the conjecture to its corresponding statement for Tate resolutions. • The 0'th strand is [2, 3] .
• The 1'th strand is [5, 5] .
• The 2'nd and 3'rd strands are ∅.
• The 4'th strand is [9, 10, 11].
• The 5'th strand is ∅.
We may note the following. For X ⊆ [0, n], if u is the maximum of X we define the codimension of X to be u = n − u. Note that the common codimension of H and C is b.
Lemma 5.6. The following equality holds for the strand spans and codimension:
In particular the number of (Betti) degrees in B minus one, is greater than or equal to the number of strands of C plus the codimension b of C. This latter inequality is an equality iff H has only one strand or equivalently H is the interval [h, b].
Proof. The equality is because i(H) is the cardinality of [h, c]\B and so |B| = n − c − h + 1 − i(H). Then use (2) of Definition 5.4. The last statement is immediate from the the equality and the definition of linear strand.
5.2.
The main conjecture. We are now ready to state our conjecture.
Conjecture 5.7. Given a homology triplet (B, H, C) of type n, where the degrees of B are:
and the strand starts of H and C are, respectively:
There is a complex E • of coherent sheaves on some projective space P(W ) such that the following holds:
1. Betti degrees. For each integer t with 0 ≤ t ≤ n the hypercohomology 
Remark 5.8. The above must be seen as a generalization of the notion of vector bundles with supernatural cohomology. When H and C are intervals, the conjecture is realized by vector bundles with supernatural cohomology and root sequence the negatives of [0, n]\B.
Hilbert polynomials.
In this subsection we calculate the Hilbert polynomial of the complex E • of Conjecture 5.7. We will show that its coefficients fulfill a number of equations which is one less than the number of coefficients. Hence we expect it to be uniquely determined up to scalar multiple. We also show that the Hilbert polynomials of the homology sheaves H −p (E • ) are uniquely determined from that of E
We seek a convenient basis for the polynomials of degree ≤ n. For i = 0, . . . , n let
These form a basis for the vector space of such polynomials since
If P is a polynomial of degree ≤ n we may then write
Lemma 5.9. P (d) is a polynomial of degree ≤ n − b iff the coefficients α i fulfill the equations
Alternatively iff they fulfill
Proof. We use induction on b. Let b = 1. We have
Thus P is of degree ≤ n − 1 iff α i n i = 0. Suppose b > 0. We verify easily that for i = 0, . . . , n − 1
This translates to the conditions in the lemma.
For a coherent sheaf E on P(W ), its Hilbert polynomial is
and this is dim k H 0 (P(W ), E(d)) when d ≫ 0. Its degree equals the dimension of the support of E. For a bounded complex of coherent sheaves E
• we define
Note that the degree of P (E • , d) is the maximum of the dimensions of the homology sheaves, provided there is only one such attaining this maximum.
By Serre duality
Proposition 5.10. Let E • be a complex corresponding to the homology triplet (B, H, C). a. The hilbert polynomial P (E • , d) has degree n − b. We may write it as
where α i = 0 for i ∈ B. Its coefficients fulfill the following equations:
for each r in [h, n] not contained in H, and
In the range r ∈ b, n] the equations (21) and (22) b. The polynomials χ p (d) are determined by P . More precisely
We expect the linear equations in a. to be independent. Hence there is a unique Hilbert polynomial up to constant, and so unique χ p (d) up to common constant.
Conjecture 5.11. Let E
• be a complex of coherent sheaves corresponding to the homology triplet (B, H, C) as in Conjecture 5.7. Then its Hilbert polynomial is uniquely determined up to constant.
In Proposition 6.9 we show that Conjecture 5.7 implies the above conjecture. (20), so we may assume p ≥ 1. But
is a polynomial of degree ≤ h p − 2 (with equality if the p − 1'th strand is nonempty). For such a polynomial the (h p − 1)'st difference is zero and so
This gives the same relation if we in the above equation replace Q with P . Since P (−i) = (−1) i α i we get
Since (21) by Lemma 5.9. (22) by Lemma 5.9. The equivalence of (21) and (22) when r ∈ b, n] also follows by Lemma 5.9.
b. Since
we may write is as
. Since the value of the right side of this equation is β k and the value of the left side is α k when k ∈ B, and zero otherwise, we get part b.
Remark 5.12. In a similar way all the Hilbert polynomials of the homology sheaves
Corollary 5.13. The hypercohomology table of E • is determined by its Hilbert polynomial.
Proof. Let P be the Hilbert polynomal of E
• . When t is in [−n, 0] the dimension of
by the same argument as in Lemma 1.3. But this dimension is determined by the Hilbert polynomial of H p (E • ) which is determined by P . The dimensions of H p (P(W ), E • (t)) when t ≤ −n−1 are similarly, by Serre duality, determined by the Hilbert polynomials of the homology modules of (E • ) * .
Remark 5.14. In the Macaulay 2 package Triplets there are routines for computing the hypercohomology table associated to a homology triplet.
5.4.
A third example. We shall construct a complex fulfilling the conjecture for the homology triplet of type n = 4 with (23) B = {0, 1, 2}, H = {0, 2, 4}, C = {2, 3, 4}.
1. Let X be three general points in P 2 , so the twisted ideal sheaf I X (2) ⊆ O P 2 (2) has resolution:
The cohomology diagram of E
• is:
with cohomology ω X (2) ∼ = O X (2) in cohomological degree 0 and O P 2 (−1) in cohomological degree −1. These are 1-regular coherent sheaves. Its hypercohomology table is:
2. Now we embed P 2 into P 4 = P(W ). Consider I X (2) as a sheaf on P 4 via this embedding. Its resolution (obtained essentially be tensoring E
• with the Koszul
The dual complex (also obtained essentially by tensoring (E
and has cohomology
Its hypercohomology table is then
3. We now drop the last term O 3 P 4 of G • , and shift by 1 to get a complex
(with the last term in cohomological position 0) which is a resolution of the kernel
, a 1-regular sheaf. We dualize this to get:
whose cohomology is
all of which are 1-regular. We see that (
is a complex on P 4 fulfilling the conditions of Conjecture 5.7 for the homology triplet (23).
The hypercohomology table of (F • ) * [2] is:
and so the Tate resolution of (
We zip this complex with the exterior coalgebra on a four-dimesional vector space V and get
Then we reduce to a squarefree complex of S = Sym(V )-modules
This sits in a triplet of pure free squarefree complexes where
5.5. The conjecture in terms of Tate resolutions. Conjecture 5.7 may also be stated in terms of Tate resolutions of the complex E • , which may be convenient when trying to construct such complexes.
Given a Tate resolution T. Let T(e, −) be the subcomplex consisting of the terms E(i) where i ≤ e, and let T(−, d) be the quotient complex consisting of the terms E(i) where i ≥ d. Also let T(e, d) be the subquotient complex consisting of the E(i) where e ≥ i ≥ d.
Example 5.15. Consider the Tate resolution T in (24). Then
Now given a homology triplet (B, H, C) of type n, where the degrees of B are:
• be a complex of coherent sheaves on P(W ) and T = T(E • ) its Tate resolution.
Proposition 5.16. (Betti invariants) Property 1. of Conjecture 5.7 is equivalent to T(n, 0) being a pure complex
Proof. This is clear. 
where the first term is in cohomological position −p + 1. Furthermore a'. This linear strand is a resolution of ker d −p+1 . b'. The dimension of the linear strand is h p+1 − 2. c'. The smallest t with a nonzero map E(t) → ker d −p+1 is for t = h p . Alternatively the smallest degree generator of ker d −p+1 has degree n − h p .
Example 5.18. In the example of Subsection 5.4 we see that the 0'th, 1'st, and 2'nd homology strands H in (23) are respectively [0, 0], [2, 2] , and [4, 4] . Considering T(−1, −) its strands are:
which is of dimension 0 with a nonzero map E → ker d 1 .
is of dimension 2 with a nonzero map E(2) → ker d 0 .
T(−1, −) 2 : E(−1)
is of dimension 4 with a nonzero map E(4) → ker d −1 .
Proof of Proposition 5.17. We have
for t ≫ 0. Thus the linear strand T(−1, −) p has t'th term
when t is large. Assume
Conversely if T(−1, −) p is nonzero, then since by a' it is a resolution of ker d −p+1 , this kernel is nonzero and so this strand is an infinite complex, and so H −p (E • ) is nonzero. Thus we have established that H −p (E • ) and T(−1, −) are nonzero exactly at the same time. Clearly also Property 2.b. and b'. above are equivalent.
By the form of the Tate resolution of a coherent sheaf (12), its regularity is precisely the point at which its Tate resolution becomes linear to the right. Therefore if Property 2.a. holds, then a'. above holds.
Conversely assume that a'. above holds. The Tate resolution of
[p] may be obtained by considering any of its differentials (which we take in high cohomological degree), and then take a projective resolution of the kernel and an injective resolution of the kernel, and splicing them together. But T(−1, −) p is an injective resolution of ker d −p+1 , and so we see that the Tate resolution of
and T(−1, −) p must coincide in cohomological degrees ≥ −p + 1. This we get 2.a. by the comment in the previous paragraph on regularity. 
In the same way as we proved the above Proposition 5.17, the following holds. 
where the first term must be in cohomological degree −p + 1, it has the following properties.
a'. The linear strand is a resolution of ker(
The dimension of the linear strand is c p+1 − 2. c'. The smallest t with a nonzero map E(t) → ker(d ′ ) −p+1 is for t = c p . Alternatively the smallest degree generator of ker(d ′ ) −p+1 has degree n − c p .
Example 5.20. In the example of Subsection 5.4 there is one cohomology strand [2, 4] . We see that
It is of dimension 4 and 2 is the smallest t with a nonzero map E(t) → ker d ′ 1 . Remark 5.21. We see that Conjecture 5.7 is not simply equivalent to a statement on the form of the hypecohomology table of the Tate resolution. There is also the conditions that the linear strands are the resolutions of the specified differential, as well as on the degree of the minimimal degree generator of its kernel.
The conjecture on triplets of pure free squarefree complexes
In this section we show that Conjecture 5.7 implies the Conjecture 2.11 in [15] on the existence of triplets of pure free squarefree complexes with balanced degree triplets.
The procedure for this is demonstrated in the examples of Section 4, in particular we use Procedure 4.2. The crucial thing is to prove that when passing from S(V ⊗ W * ) to the quotient S(V ), we divide out by a sequence which is regular for the homology modules of the zip complex. Note. For the results in this section we assume that k is an infinite field. This is in order to ensure the expected codimension of some degeneracy loci of maps of vector bundles.
6.1. Degeneracy loci of vector bundles. Proposition 6.1. Let X be scheme of finite type over a field k (assumed infinite), and E a vector bundle of rank e on X generated by a subspace E of its global sections Γ(X, E). Let E i for i = 1, . . . , t be general vector subspaces of E, all of these subspaces of dimension e, the rank of E. This gives maps between vector bundles of the same rank E i ⊗ O X α i −→ E. Then the locus in X where α i has corank ≥ q i for each value i = 1, . . . , t, has codimension ≥ q 2 i . Proof. We will use induction on t. When t = 1, the codimension of X is q Suppose the statement holds for t − 1. Let X ′ be the locus where α i has corank ≥ q i for each value i = 1, . . . , t − 1. It has codimension
−→ E |X ′ . Now the latter restricted vector bundle is generated by the image of E in its global sections Γ(X ′ , E |X ′ ). Since E t is a general subspace of E, of dimension e, the map α t will degenerate to corank ≥ q t in codimension q 2 t in X ′ . Hence the locus in X where the α i degenerate as prescribed, has codimension ≥ i q 2 i . Let E be a vector bundle, i.e. a locally free sheaf of finite rank e, on a k-scheme X. Let T be a subspace of the sections Γ(X, E). The map T ⊗ k O X → E defines a map and an exact sequence
where the cokernel R is a quasi-coherent sheaf of O X -algebras. The space T gives global sections of the affine bundle V = V X (E) and they generate a sheaf of ideals of O V defining a subscheme X = Spec O X R. Now we may stratify X according to the rank of the map
where R k(x) is the quotient symmetric algebra generated by a vector space of dimension e − t + i. Hence the fiber X k(x) has dimension e − t + i. We observe that the dimension of X is less than or equal to the maximum of (26) max{dim(X\U i−1 ) + e − t + i}.
Now let X = P(W ), let V be a vector space with basis x 1 , . . . , x n , and E = V ⊗ Q where Q is the dual of the tautological subbundle of rank m on P(W ). For each x i chose a subspace E i ⊆ W * of codimension one, so its dimension equals the rank of Q. Define the subspace
Corollary 6.2. a. The locus where the composition
The dimension of X = Spec O P(W ) R, the subscheme of V P(W ) (V ⊗ Q) defined by the vanishing of T , has dimension less than or equal to the dimension of P(W ).
Proof. Part a. follows by Proposition 6.1 by letting the α i be the maps If u 1 , . . . , u n in a k-algebra R form a regular sequence for the module M, then any basis for the vectorspace they generate, u 1 , . . . , u n ⊆ R, forms a regular sequence, as is easily seen by Koszul homology, [6, Theorem 17.4, 17.6] . We then call this a regular subspace for the module M.
* is a regular subspace for this module.
Proof. The subscheme V(V ) of V(V ⊗W * ) is defined by the vanishing of the subspace
Since Z = V P(W ) (V ⊗ k Q) we see that Z ′ is the subscheme of Z defined by the vanishing of the sections T of V ⊗ Q given by the composition α in Corollary 6.2.a. By part b. of this, the dimension of Z ′ is less than or equal to dim P(W ). Since dim k T equals the rank of V ⊗ Q, the dimension of Z is dim P(W ) + dim k T and so dim
Since the image of Z is Y , the image of
The sheaf O Z ⊗ p * (E) has support Z and so the support of S(E) is Y . The module
Since S(E) is a Cohen-Macaulay module and S(E) ′ = S(E)/(T · S(E)), the subspace T must be a regular subspace for the module S(E). 
and so the associated zip complex is
This complex has length n − m. Since it resolves a module of dimension (n + 1)m and
this module is Cohen-Macaulay.
Let W ′ ⊆ W and consider the projection P(W ) π P(W ′ ) with center the subspace P(W/W ′ ) ⊆ P(W ). Let G be a coherent sheaf on P(W ) whose support is disjoint from P(W/W ′ ). Pushing forward, we get a coherent sheaf π * G on P(W ′ ). It is well known that the cohomology
. In fact we have: Proposition 6.5. Let G be a coherent sheaf on P(W ) whose support is disjoint from
Proof. This is [13, Thm.7.1.2] .
By Proposition 6.5, the latter is
But since π * (G) is also a 1-regular coherent sheaf on P(W ′ ), (28) is a resolution of S(π * G), and so
But then by Koszul homology, [6, Thm.17.4, 17.6 ] the space V ⊗(W/W ′ ) * is a regular subspace of Sym(V ⊗ W * ) for the module S(π * G).
Theorem 6.7. Let F be a 1-regular coherent sheaf on P(W ), and V = x 1 , . . . , x n a vector space of dimension ≥ that of the support of F . Let E i ⊆ W * be general subspaces of codimension 1 for i = 1, . . . , n. The subspace
Proof. We will use induction on the dimension of P(W ). If dim P(W ) = 0 there is nothing to prove, since then dim k W = 1 and T = 0. Suppose dim P(W ) > 0. If the support of F is not all of P(W ) we project down to a projective space P(W ′ ) such that dim P(W ′ ) = dim SuppF , with a center of projection disjoint from the support of F . Then by the previous corollary
* is a regular subspace for S(F ) and
By induction hypothesis there is a regular subspace
Now suppose the support of F is P(W ). Since F is 1-regular, F (1) is generated by its global sections, and so if F has rank r, there is a map and an exact sequence
where the cokernel G is supported in a proper closed subscheme of P(W ). By Lemma 1.2.a, H 1 (P(W ), S(O P(W ) (−1))) vanishes and so we have an exact sequence
By Proposition 6.3 and Lemma 6.4, a general subspace T will be a regular subspace for S(O P(W ) (−1)) r and by the first part of the argument, and induction, such a T is a regular subspace for S(G). But then it must also be a regular subspace for S(F ).
6.3. Triplets of pure free squarefree complexes.
equivariant for the subgroup of diagonal matrices in GL(V ). We get the quotient map of algebras Sym(V ⊗ W * ) → Sym(V ). The following shows that Conjecture 5.7 implies Conjecture 2.11 in [15] concerning the existence of triplets of pure free squarefree complexes.
Theorem 6.8. Let E
• be a complex of coherent sheaves in Conjecture 5.7 associated to the homology triplet (B, H, C). Let Sym(V ⊗ W * ) → Sym(V ) be the quotient map defined above where T is sufficiently general and let
This is a complex of free squarefree Sym(V )-modules such that
is a triplet of pure free squarefree complexes of Sym(V )-modules with degree triplet (B, H, C). 
) by Theorem 3.3 and Lemma 1.3. By Theorem 6.7 the subspace T of V ⊗W * is a regular space for these modules. Thus E • of (29) will be a complex of free S(V )-modules whose p'th homology module is
The dimension of H −p (E • ) is h p+1 − 2 and so by Proposition 1.4 the dimension of
Since the kernel of V ⊗W * → V has dimension nm, the module (30) above also has dimension h p+1 − 2. Also the minimal degree generator of (30) has the same degree as the minimal degree generator of S(H −p (E • )), which is h p by Lemma 1.2. This gives that (A • D)(E • ) will be a pure free squarefree complex with degree sequence H.
Applying the same procedure to E * [|B| − 1], we get a complex E ∨ • which is the dual of the complex E • . Furthermore (A • D)((E • ) ∨ ) will be a pure free squarefree complex with degree sequence C. But this complex is the dual of (A • D)
2 (E • ) and so this is a pure free squarefree complex with degree sequence C. Proof. Let P be the Hilbert polynomial of E
• . The complex E • has terms
By The previous sections shows a close relationship between cohomology tables of coherent sheaves where the cohomology sheaves has certain regulatity properties, and the triplets of homological data (B, H, C) for complexes of squarefree modules.
In this section we give a conjecture, Conjecture 7.8, on this realtionship: There is an isomorphism between the positive rational cone generated by such cohomology tables and the positive rational cone generated by such numerical homological triples. Remark 7.2. The sheaves O P m (j) for j = −1, . . . , n − m fulfill the definition above. More generally for i ≤ m, the sheaves O P i (j) for j = −1, . . . , n − i fulfill this.
Lemma 7.3. Let F • fulfill the conditions in the definition above. For p ≥ 1 the hypercohomology
and for p ≤ −n − 1 the hypercohomology
Thus for twists outside the range [0, n], the hypercohomology of F • is completely determined by the Hilbert functions of the cohomology sheaves of F
• and of (F • ) ∨ (n), in positive degrees.
Proof. The first part follows as in Lemma 1.3 by using the spectral sequence
and so we get the second part as in Lemma 1.3. Now let V be vector space of dimension n. We get the Tate resolutions T (F • ) with
and the zip complex
, where
so the Betti spaces encode all the cohomology of twists of F • , when the twist is in the range [−n, 0].
The homology of
The last isomorphism is because the homology sheaves of S(F • ) are 1-regular and then we apply Lemma 1.3. Simililarly the homology of ( From the bullet points in the beginning of this section, we see that we get an injective map (33) C(coh, n) ι ֒→ C(SqFree, n).
Conjecture 7.8. The map ι is an isomorphism of cones.
This conjecture would follow by Conjecture 5.7 and the following.
Conjecture 7.9. The extremal rays in C(SqFree, n) are precisely generated by the homology triplets of the shifts F • [s], s ∈ Z of pure free squarefree complexes F • belonging to a triplet of pure free squarefree complexes.
The classical results in Boij-Söderberg theory concerns graded Cohen-Macaulay modules and vector bundles on projective spaces. The following shows that the map ι restricts to an isomorphism in this case. Definition 7.10. Let C(vb, c, n) be the positive rational subcone of C(coh, n) generated by vector bundles E (considered in cohomological degree 0) of dimension c, and such that E is 1-regular and Hom O P(W ) (E, ω P(W ) ) is n + 1-regular.
Let C(CM, c, n) be the positive rational subcone of C(SqFree, n) generated by homology triplets of Cohen-Macaulay squarefree modules (in homological degree 0) of dimension c. Note that for such triplets, the homology H and the cohomology C are determined by B, so this identifies as the cone generated by Betti tables of such modules. These two sequences are related by the negatives of the former being the complement in [0, n] of the latter. Hence the extremal rays correspond, and we get an isomorphism of cones. Remark 7.12. As the above indicates, Conjecture 7.8 is quite amenable to doing special cases. For instance consider the subcone of C(coh, n) generated by the cohomology tables of coherent sheaves F of dimension c (situated in cohomological position 0) such that F is 1-regular and its derived dual has cohomology sheaves which are n + 1-regular. Also consider the subcone C(SqFree, n) generated by modules of dimension c (in homological degree 0). Then the map ι restricts to a map between these subcones. The extremal rays should corresponds to homology triplets where H has one strand ending in c.
Similarly one can consider 1-regular reflexive sheaves F on P 3 such that its dual sheaf F ∨ is n + 1-regular, and the subcone generated by their cohomology tables. On the other side consider the subcone generated by homological data triplets of modules M of dimension 3 such that Ext n−i (M, S) vanishes for i ≤ 1 and is zerodimensional for i = 2. Then ι restricts to a map between these subcones. The extremal rays should correspond to homology triplets such that H has one strand ending in 3 and C = {0, 2, 3}.
Remark 7.13. In [11] Eisenbud and Schreyer give a decomposition of the cohomology table of a coherent sheaf into the cohomology tables of vector bundles. However this decomposition involves an infinite number of terms, i.e. an infinite number of cohomology tables of vector bundles. It is not even known if the coefficients in this decomposition are rational. It may be that this type of decomposition arises as the limit of decompositions obtained above, by letting n → ∞.
Proof of Theorem 3.3
Our proof is fairly close to the proof of the Basic Theorem 5.1.2 in Weymans book [21] , with some modifications to demonstrate how the functor Rq * (O Z ⊗p * (−)) factors into first taking the Tate resolution and then zipping with a vector space V .
Recall the basic setup of Subsection 1.1. The variety Z is the affine bundle V(V ⊗ Q). Set O V (i) = p * (O P(W ) (i)). By the exact sequence (1) we get a resolution of O Z :
By the projection formula the global sections Γ(V, O V (1)) = Sym(V ⊗ W * ) ⊗ W, and the map t(1) sends
Lemma 8.1. a. O Z ⊗ p * (−) is an exact funtor on quasi-coherent sheaves on P(W ). b. Let F be a quasi-coherent sheaf on P(W ). Then
is an exact sequence.
Proof. Let p ′ be the composition
Then O Z ⊗ p * F identifies as p ′ * F . Since Z p ′ −→ P(W ) is an affine bundle, the pullback p ′ * is exact. For part b. note that locally on U = Spec A ⊆ P(W ), the resolution O Z ← K • on V is just a Koszul resolution of a polynomial ring as a quotient of a larger polynomial ring:
A[x 1 , . . . , x r ] ← A[x 1 , . . . , x n ] ← x r+1 , . . . , x n ⊗ A[x 1 , . . . , x n ] ← · · · .
Since F |U =M for an A-module M, the complex in b. is locally just tensoring the above with − ⊗ A M. This is exact since the above is an exact sequence of free A-modules. . This is Corollary 3.2.3 of the unpublished article [13] . See also Proposition 1.6.1. therein.
Proof of Theorem 3.3. Let F
• be a bounded complex of coherent sheaves and F
• φ
−→ I
• an injective resolution of quasi-coherent sheaves. We get a morphism of double complexes (the first one with only one column)
and then morphisms
The horizontal map is a quasi-isomorphism by Lemma 8.1 and the Acyclic Assembly Lemma 2.7.3 part 3. of [21] . The vertical map is a quasi-isomorphims by applying the same lemma part 4. to the cone K • ⊗ cone(φ). (Note that direct sums and products are the same here since a finite number of sheaves are involved.) Since the lower total complex consist of q * -acyclic objects, it can be used to calculate the derived complex Rq * of the upper left complex. Hence 
